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1. INTRODUCTION
A third order linear O.D.E.
y$$$+3p1y"+3p2 y$+ p3y=0, (1.1)
with smooth variable coefficients pj , has an associated integral curve
# : R  RP2
defined in homogeneous coordinates by [ y1 : y2 : y3]. Here y1 , y2 and y3
are three linearly independent solutions to 1.1. # is unique up to a real pro-
jective transformation of RP2.
By a suitable change of coordinates in the range, one can reduce 1.1 to
its canonical form
y $$$+3q1y $+q3 y =0, (1.2)
where the p’s and q’s are related by:
q2= p2+ p21& p$1 ; q3= p3&3p1 p2+2p
3
1& p"1 . (1.3)
The integral curve of 1.2 is the same (up to projective transformations) as
the integral curve of 1.1. For a general discussion of these matters, see
[W].
In the case when the coefficients pj are periodic with period (say) 2?,
there is a projective transformation T# such that T# b #(x)=#(x+2?). In
case T#=Id., # is a covering of the closed curve
1=#([0, 2?]).
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In this paper, we will restrict our attention to this last mentioned case, and
will study the relationship between the shape of 1 and the integral
|
2?
0
q2(x) dx.
Our first result is:
Theorem 1. If # is a convex plane curve, then
&|
E
q2(x) dx2?3. (1.4)
Theorem 1 is in some sense nonlinear version of Wirtinger’s inequality.
Some rearranging and specializing of 1.4 gives
Corollary. If f is a 2?-periodic function with integral 0, and : is a real
number chosen so that 1&:f never vanishes, then
|
2?
0
f 2|
2?
0
( f $)2
(1&:f )2
. (1.5)
Taking :=0 in 1.5 gives Wirtinger’s inequality. In fact, when 1 is the
unit circle, Theorem 1 is equivalent to 1.5. Theorem 1 should be considered
as a generalization of 1.5, which was obtained (in slightly disguised form)
in ([S, Sect. 3.1]).
Theorem 1 is global in nature, because it can fail completely for curves
which are locally convex but not convex. Let k denote ordinary plane cur-
vature, and let ds denote arc-length along 1. To contrast Theorem 1, we
prove
Theorem 2. Suppose 1 is a closed plane curve which is locally convex
but nonconvex. If
|
1
(dkds)2
k3
ds<9? (1.6)
then for any real number N, 1 is the integral curve of an O.D.E. for which
E q2=N.
The integral in 1.6 can be considered a measure of how far 1 deviates
from being round. While it looks somewhat complicated, the bound in
Theorem 2 is sharp in a certain sense, which we will explain in Section 3.4.
184 RICHARD SCHWARTZ
File: 505J 319703 . By:DS . Date:27:03:97 . Time:07:45 LOP8M. V8.0. Page 01:01
Codes: 2035 Signs: 790 . Length: 45 pic 0 pts, 190 mm
2. CONVEX CURVES
2.1. Some Coordinate Calculations
As in Section 1, let # be the integral curve to
y$$$+3p1y"+3p2 y$+ p3y.
Our hypothesis is that # is a covering of a smooth and strictly convex plane
curve 1.
According to ([W, p. 52]), we have
p1=&
1
3
A13
A12
; p2=
1
3
A23
A12
, (2.1)
where Aij is the cross product #(i)_#( j). Plugging this into 1.3, we obtain
q2=
1
9 \
A13
A12+
2
&
1
3 \
A13
A12+
$
&
1
3
A23
A12
. (2.2)
We shall set
9(#)=&|
2?
0
q2(x) dx. (2.3)
When we integrate q2 , the middle term in 2.2 integrates to 0. Therefore,
9(#)=|
2?
0
1
3
A23
A12
&
1
9
A213
A212
.
It is convenient to write
#$=\v; v=exp(i%); w=exp(i(%+?2)). ;=%$. (2.4)
Using v$=;w and w$=&;v, we compute
#"=\$v+\;w; #(3)=\"v&\;2v+\$;w+\;$w.
Using the relations
v_v=0; v_w=1; w_w=0,
we compute
A13
A12
=2
\$
\
+
;$
;
;
A23
A12
=2 \\$\ +
2
+
\$
\
;$
;
&
\"
\
+;2.
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Therefore,
9(#)=|
2?
0
1
3 \2 \
\$
\ +
2
+
\$
\
;$
;
&
\"
\
+;2+&19 \2
\$
\
+
;$
; +
2
=
1
3 |
2?
0
;2+2 \\$\ +
2
+
\$
\
;$
;
&
\"
\
&
4
3 \
\$
\ +
2
&
4
3
\$
\
;$
;
&
1
3 \
;$
; +
2
=
1
3 |
2?
0
;2&
1
3 _\
\$
\ +
2
+
\$
\
+
;$
;
+\;$; +
2
&. (2.5)
after integrating \"\ by parts.
The condition that # is the covering of a closed convex curve produces
the constraints:
1. ; is strictly positive and smooth, and has integral and period 2?.
2. \ is strictly positive and smooth, and has period 2?.
3. \ exp(i  ;) integrates to a closed curve.
To prove Theorem 1, it suffices to show that the integral in 2.5 is at most
2?3, given the constraints above.
2.2. An Inequality
The following inequality can be found in ([S, Sect. 3.1]):
Average Lemma. If ; is strictly positive and has period and integral 2?, then
|
2?
0
;2&_;$; &
2
2?. (2.6)
Taking ;=1+:f immediately yields 1.5.
In case 1 is the unit circle, we have ;=\ in 2.4. The Average Lemma
implies Theorem 1 in this case.
2.3. Symmetrization
To prove the general case of Theorem 1, we use a symmetrization argu-
ment to reduce the situation to the one covered by the Average Lemma.
The symmetrization argument relies on some elementary properties of pro-
jective transformations. For general information about projective transfor-
mations, see [H].
Let M0 denote the set of smooth strictly convex curves # such that
1. \(0)=\(?).
2. %(?)=%(0)+?.
3. ;(0)=;(?).
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Symmetrization Lemma. Given any # there is a translation { of R and
a projective transformation T of RP2 such that T b # b { # M0 .
Proof. Fix x # R, and let l0 and l1 be the lines tangent to # at #(x) and
#(x+?) respectively. By applying the projective transformation which
takes the (underdetermined) quadrilateral shown in Fig. 2.1 to the unit
square, we can normalize to that #(x)=(0, 0), #(x+?)=(0, 1),
l0=[ y=0], l1=[ y=1], and the x-coordinate of #(x+?2) is greater
than 0. This normalization of # is uniquely determined up to the subgroup
G of orientation preserving projective transformations which fix (0, 0) and
(0, 1), and which preserve the strip bounded by l0 and l1 . Each g # G
restricts to give a similarity on lj , whose expansion constant we denote g$j .
The map g  (g$0 , g$1) gives a bijection G W R+_R+. In particular, there
is a unique g # G for which
&(g b #)$ (x)&=&(g b #)$ (x+?)&.
The conclusion is that, to x # R, there is a unique normalization of # so
that
#(x)=(0, 0); #(x+?)=(0, 1); \(x+?)=\(x); %(x+?)=%(x)+?.
Given this normalization, let ,(x)=;(x);(x);(x+?). By uniqueness, ,
is continuous, and by the intermediate value theorem, there is a point s for
which ,(s)=1. To finish the proof, choose a translation { so that
{(0)=s. K
We will now complete the proof that 9(#)2?3. From the Symmetriza-
tion Lemma, and from the equation 9(#)=9(T b # b {), we can assume that
# # M0 . Under these circumstances, 2.5 becomes
9(#)=
2
3 |
?
0
;2&
1
3 _\
;$
; +
2
+\\$\ +
2
+\;$; +\
\$
\ +&.
For any x>0 the function fx(t)=x2+t2+tx has a unique minimum at
t=&x2, and therefore fx(t)3x24. Applying this to the integral above
gives
9(#)
2
3 |
?
0
;2&
1
4 \
;$
; +
2
,
where ; has period and integral ? (instead of 2?.) By changing variables,
and using the Average Lemma, we have 9(#)2?3 as desired.
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Figure 2.1
3. LOCALLY CONVEX CURVES
3.1. Parametrizations
In this section, 1 will be a fixed closed plane curve which is smooth,
locally strictly convex, and non-convex. Every 2?-periodic smooth covering
map # : R  1 gives rise to a third order linear O.D.E. simply by reversing
the process of constructing an integral curve.
We will continue to use the notation established in Section 2, as well as
the following:
1. 1 is the set of smooth parametrizations of 1.
2. k is plane curvature.
3. ds is arc-length along 1.
4. } is the measure along 1 obtained by integrating the 1-form k ds.
5. {2 is the turning number of the tangent vector to 1.
Parametrization Lemma. If f is a smooth positive and periodic function
on [0, 2?] having total integral 2?, then there is a unique # pf # 1 for which
; pf ={f and #
p
f (0)= p # 1. The map p  #
p
f (x) is }-preserving for all
x # [0, 2?].
Proof. Let V denote the vector field dual to k ds. Integrating V{
produces a 1-parameter family Tx of }-preserving diffeomorphisms of 1,
such that T0=T2?=Id. Let # p* # 1 be given by x  Tx( p). It is not hard to
verify that ; p
*
#{.
Integrating f produces a diffeomorphism $f of [0, 2?]. The composition
# pf =#
p
*
b $f satisfies the existence part of the Lemma. Uniqueness follows
from the fact that ; determines # up to Tx .
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Let _ # [0, 2?] be the value for which p=T_(q). Then the arc [ p, # pf (x)]
is the same as the arc T_([q, #qf (x)]) for all x. Therefore the map
p  }([ p, # pf (x)])
is constant, which implies p  # pf (x) is }-preserving for all x # [0, 2?]. K
3.2. Another Inequality
Given a smooth and strictly positive function f and a real number !, define
8!( f )=|
2?
0
!f 2&_f $f &
2
. (3.1)
The following lemma, which is a consequence of the Average Lemma of
Section 2, is proved in ([S, Sect. 6]).
Lemma 3.1. Fix !>1. 8! can take on arbitrary real values for periodic
functions f which have integral 2?.
3.3. Proof of Theorem 2
Theorem 2 says that 8(#) ranges through all real values as # varies in 1 .
For a positive 2?-periodic function f, consider the average
I( f )=|
1
9(# pf ) d}. (3.2)
We will prove below that
I( f )=8!( f ), (3.3)
where
!=1+6? \{&1{+&|1
(dkds)2
k3
ds. (3.4)
Since {2, the hypothesis of Theorem 2 implies that !>1. Lemma 3.1
now says that the average I( f ) takes on all real values as f varies. But then
9(# pf ) takes on all real values as well.
To complete the proof of Theorem 2, we will establish 3.3. In the follow-
ing equations g$ will denote the dgdx as usual, and h4 will denote dhds. On
R the following relations hold pointwise:
f =;{; \=
;
k b #
;
\$
\
=
;$
;
&
(k b #)$
k b #
;
(k b #)$
k b #
=
(k4 b #) \
k b #
=(| b #) ;.
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Here we have set
|=k4 k2.
Plugging these relations to 2.5, we have
9(#)=|
2?
0 _{2f 2&\
f $
f +
2
+{| b #f $+
{2
3
|2 b #f 2& dx. (3.5)
Therefore
I( f )=|
2?
0
{2f 2&\f $f +
2
dx+
1
2? |1 A( p) d}&
{
6? |1 B( p) d}, (3.6)
where
A( p)=|
2?
0
f $(x) |(# pf (x)) dx; B( p)=|
2?
0
f 2(x) |2(# pf (x)) dx.
By Fubini’s theorem and the Parametrization Lemma,
|
1
A( p) d}( p)=|
1
|
2?
0
f $(x) |(# pr (x)) d} dx
=|
2?
0
|
1
f $(x) |( p) d} dx
=|
1
|( p) d} |
2?
0
f $(x) dx=0.
In short
|
1
A( p) d}=0. (3.7)
Applying the same argument to B( p) we get
|
1
B( p) d}=|
1
|2 d} |
2?
0
f 2 dx. (3.8)
From the definition of |,
|
1
|2 d}=|
1
(dkds)2
k3
ds. (3.9)
3.3 now follows from plugging 3.7, 3.8, and 3.9 into 3.6.
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3.4. Logarithmic Spirals
There is a certain sense in which the bound in Theorem 2 is optimal. In
this section, we will take 1 to be a portion of a logarithmic spiral which
winds exactly twice around the origin. This is not a closed curve, but rather
a curve which is closed ‘‘up to similarity.’’ This is to say that there is a
plane similarity S which identifies the endpoints of 1 such that 1 _ S(1 ) is
still a portion of the same logarithmic spiral.
In fact, there is a one parameter family [St] of similarities which acts
transitively on the logarithmic spiral containing 1. The quantity | defined
above is invariant under similarities, and is therefore constant along 1. The
parametrization Lemma works for 1 because the similarity S preserves }.
If # is any parametrization of 1, which is periodic up to similarities, then
#=# pf for some 2?-periodic function f and some point p # 1. The fact that
| is constant along 1 implies
9(#)=I( f )=8!( f ).
By varying the ‘‘tightness’’ of the spiral containing 1, we can arrange that
|
1
|2 d}=9?.
Then 3.4 and 3.9 imply that !=1, and the Average Lemma says that
9(#)?.
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